Calculating Optimal Root to Shoot Ratio to Balance Transpiration with Water Uptake Rate and Maximize Relative Growth Rate.  

Adapted from Dr. Vincent P. Gutschick, Dept. of Biology, New Mexico State University (vince@nmsu.edu).  Modified by Dr. Ann Stapleton  (stapletona@uncw.edu),  Dept. of Biology and Marine Biology, University of North Carolina Wilmington and Dr. Melanie J. Correll (correllm@ufl.edu) , Dept. of Agricultural and Biological Engineering, University of Florida.

Introduction

Land plants maintain their structure using water (turgor) and the transport of water is critical for the relocation of sugars and other important chemicals for growth throughout the plant.  Therefore, water transport in the plant is a key process to model! Plants lose water vapor through transpiration at the leaf surface.  As the water vapor leaves the plant, it drives the movement of water from the roots to the shoots.  Transpiration rates of plants are influenced by a variety of parameters including those associated with the plant (e.g., number of stomata, width of stomata pore, leaf area etc.) and those associated with the environment (e.g., humidity, temperature, CO2 levels, wind speed etc.).  The more water a plant transpires the more water that will be needed to be taken up by the roots to maintain a healthy plant.  Plants regulate their transpiration by adjusting the size of the pores in their leaf; these pores are called stomates. The stomatal aperture can limit or augment the flow of water out of the plant and also the CO2 into the leaf for photosynthesis.  In this exercise, you will use MatLab® to develop a model that will calculate the relative growth rate of a plant based on a plant’s root to shoot ratio and its’ photosynthetic and transpiration rates.  
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Figure 1. Schematic of water movement in a plant from roots to leaves through transpiration.
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Figure 2.  Transpiration of water out of the leaf and CO2 into the leaf is controlled by the guard cells.  The resistance to these flows (H2O out or CO2 in) is caused by the pore and the boundary layer of air surrounding the leaf surface.  Total conductance (gbs) is the reciprocal of the total resistance.
Summary.  As the root to shoot ratio increases it is expected that the plant can afford to lose more water (i.e., increased transpiration) since more roots are available to uptake water thus allowing more open stomata, and also allow for an increased photosynthetic rate but at a cost of less investment to the leaves.  

Variables [units]:

ALa = leaf photosynthetic rate per leaf area [mol of CO2 m-2 s-1]

alphaL = percentage of shoot mass that accounts for leaf mass [dimensionless]

ap = leaf area [m^2]

beta = fraction of photosynthate made into dry matter

Ca = atmospheric partial pressure of CO2 [Pa]

Ci = internal partial pressure of CO2 in leaf [Pa]

D = vapor pressure deficit inside leaf to outside atmosphere [Pa]

E = transpiration rate per leaf area [mol m-2 s-1]

ELa = mean transpiration rate per area [mol m-2 s-1]

Etotal = whole plant transpiration rate [mol s-1]

gamma = compensating partial pressure at which CO2 assimilation balances CO2 loss from photorespiration [Pa]

gbs = total leaf conductance to water (boundary layer and stomatal) [mol m-2 s-1]

gbs’= total leaf conductance to CO2 [mol m-2 s-1]

KC = Michaelis constant for CO2 [Pa]

KO = Michaelis constant for O2 [Pa]

mL = total dry mass of leaves [kg]

mLa = dry mass per leaf area [ kg m-2]

mp = whole plant mass [kg]

mr = mass of roots [kg]

ms = mass of shoots [kg]

O = partial pressure of oxygen [Pa]

P = total atmospheric pressure [Pa]

r = root to shoot ratio

RGR = relative growth rate of plant [s-1]

RGRd= relative growth rate based on light period and 12h day [d-1]

TL = leaf temperature [ oC]

U = whole plant water uptake rate [mol s-1]

Vcmax = maximum photosynthetic rate at saturating CO2 and light [mol m-2 s-1]

vw =water uptake capacity of roots [mol kg-1 s-1]

Derivation of Equations:

 Whole-plant water uptake rate = (mass of roots)*(mean uptake rate per mass)

     U = mr*vw

 Whole-plant transpiration rate = (leaf area)*(mean  transpiration rate per area)

  Etotal = ap*ELa  
  (Note: this best suits young plants, where all roots are young and all leaves  are equally active; for older plants, one needs an allometric relation)

Transpiration rate per leaf area = (total leaf + boundary-layer conductance) * (vapor-pressure deficit)/(total air pressure)    [ using molar units] (note: this is based on Fick’s Law of diffusion).
E = gbs*D/P

 Whole-plant leaf area = (total dry mass of leaves)/(dry mass per leaf area) = (alphaL, a constant)*(shoot mass)
ap = mL/mLa = alphaL*ms/mLa 
Thus, equating transpiration to water uptake rate:
E = (alphaL*ms/mLa)*gbs*(D/P) = U = mr*vw

 and, in consequence, this sets the value of gbs:
gbs = (mr/ms)*(vw*mLa)/(alphaL*D/P) =(r*vw*mLa)*P/(alphaL*D)

In turn, this value of conductance is a factor in setting the leaf photosynthetic (PS)  rate  per area, which we model with the Farquhar-von Caemmerer-Berry (1980 ff., aka.  FvCB) model:

ALa = Vcmax*(Ci - gamma)/(Ci+KCO)

This is the form for light-saturated photosynthesis.  Here, Vcmax is the leaf PS capacity (max. PS rate at saturating CO2 & light), Ci is the leaf internal CO2 partial pressure, gamma is the compensating partial      pressure at which CO2 assimilation balances CO2 loss from the PCO cycle  (poorly named as photorespiration), and KCO is the Michaelis constant for  CO2 binding to Rubisco (the rate-limiting enzyme) in the presence of O2. The gamma and KCO are functions of temperature and the partial pressure of O2 in air. The FvCB model gives an explicit formulas for gamma and KCO (Farquhar et al. 1980).  We'll set Vcmax to represent the value for moderately fast-growing plants.  Now, we have to set Ci, from the competition between its drawdown by PS and its transport through the conductance, gbs.  We equate two forms for the PS rate:

ALa = gbs'*(Ca-Ci)/P = Vcmax*(Ci-gamma)/(Ci+KCO)

Here, Ca is the CO2 partial pressure in outside air, and gbs' is the conductance for CO2 rather than water vapor.  It is approximately 0.62*gbs since the diffusivity of CO2 is lower than the diffusivity of water (Jarvis, 1971).  We can set this up as a quadratic in Ci.  We solve for Ci and plug it into either equation for ALa and calculate ALa

0.62*gbs*(Ci+KCO)*(Ca-Ci) = Vcmax*P*(Ci-gamma)

-0.62*gbs*Ci^2 + [ 0.62*gbs*(Ca - KCO) -Vcmax*P ]*Ci   + 0.62*gbs*KCO*Ca + Vcmax*P*gamma = 0

Recast this as a quadratic in the form of   aq*Ci**2 + bq*Ci + cq =0, with

          aq = 0.62*gbs   %  mol m-2 s-1
          bq = 0.62*gbs*(KCO - Ca) + Vcmax*P %  mol m-2 s-1 * Pa

          cq = -0.62*gbs*KCO*Ca - Vcmax*P*gamma% mol m-2 s-1 * Pa^2

 Now we get to the objective function that we want to maximize, which is the plant's relative growth rate, RGR (relative, so it's independent of actual size):
         RGR = (rate of gain of dry mass)/(current dry mass)

                  = (whole-plant PS rate)*(efficiency of conversion to dry mass)/(dry mass)

                  = ap*ALa*beta/mp

  Let's substitute for ap (from the earlier equation) and also note that the whole-plant mass, mp, equals ms+mr:

     RGR = beta*alphaL*ms*ALa/(mLa*mp) = beta*alphaL*ALa/((1+r)*mLa)

______________________________________________________________________________

Building a Model to Calculate Relative Growth Rate Based On Optimal Root to Shoot Ratio in MatLab

For this exercise, the values of all parameters are set.  You could write more advanced programs that prompts the user to input these values for specific plants or expand these parameters as suggested for further exercises.

PART I: Calculating Water Uptake Capacity of Roots
· Open a new m.file in MatLab and name it waterbalance.m, be sure you save the file in the directory where you will run it. Note: the % symbol is used to make comments in MatLab, it does not get implemented in the code.  Also, the courier new font indicates code for MatLab you can type or copy these directly from this word document into your m.file.

· Set parameters as follows (note: these values can change based on the type of plant and the conditions):

r = 0.5;  % root to shoot ratio (dimensionless) 

%- actually, you can let this vary, so that we can find the optimal

%value that maximizes relative growth rate. Initially we set this %value in order to set the root water uptake capacity for water at %ratio of 0.5
alphaL = 0.5; % percent shoot mass that is leaf mass (dimensionless)

gbs = 0.25; % baseline conductance (mol m-2 s-1)

D = 2000; % (Pa) - moderately dry mesic condition

P = 10^5; % (Pa) - atmospheric pressure at sea level

mLa = 0.05; % dry mass per leaf area (kgDM m-2)
%  This will set the roots' water uptake capacity - we'll do this to satisfy the water balance when r = 0.5 or 50 percent of the plant is roots.  

%We'll rewrite an earlier equation:

%    --> vw = alphaL*ms*gbs*D/(mLa*P*mr) = alphaL*gbs*D/(mLa*P*r).

%The units, by inspection, are (-)*(mol m-2 s-1)*Pa/(kg m-2 * Pa) = (mol/kg) s-1,

%    which makes sense - how many moles of water are taken up per kg of roots per s

vw = alphaL*gbs*D/(mLa*P*r); % (mol(water) kg-1 s-1)

vw
_____________________________________________________________

% alternatively, you can run a range of r values with the code below just delete the % symbols
%r = 0.1:0.1:2.0;
%alphaL = 0.5; %(dimensionless)
%      gbs = 0.25; % (mol m-2 s-1)
%      D = 2000; % (Pa) - moderately dry mesic condition
%      P = 10^5; % (Pa) - atmospheric pressure at sea level
%      mLa = 0.05; % kgDM m-2
% vw = alphaL.*gbs.*D./(mLa.*P.*r); % (mol(water) kg-1 s-1)
%plot(r,vw)
%xlabel('root to shoot ratio')
%ylabel('water uptake rate [mol kg^-^1 s^-^1]')
_____________________________________________________________
· Save your file 
· In the command space of MatLab “>>” type the name of your m.file to run it making sure you are in the correct directory e.g.  >>  waterbalance and hit enter

The value for vw should be given which tells us how many moles of water are taken up per kg of roots per second based on input parameters, write this number down since it will be used for our next simulation.
(Instructor Note: in this case, r = 0.5, the water uptake capacity is 0.1 mol of water per kg of roots per second)
________________________________________________________________
PART II: Varying Root to Shoot Ratio to Optimize Relative Growth Rate
Now, we want to run our program over a range of r values and calculate the relative growth rate, Ci, photosynthetic rates, and transpiration rates over these values.

· Open a new m.file save as waterbalance2.m 
We will use some of the same values for the parameters as Part I

· Type (or copy) the following 

 r = 0.1:0.1:2; % this will set the root ratio over a range from 10% to 200% in
 % increments of 0.1

alphaL = 0.5; %(dimensionless)

D = 2000; % (Pa) - moderately dry mesic condition

P = 10^5; % (Pa) - atmospheric pressure at sea level

mLa = 0.05; % (kgDM m-2)
Vcmax = 100. * 10.^(-6); % for moderately fast growing plants(mol m-2 s-1)

Ca = 38; %(Pa)- standard atmospheric CO2 value
TL = 25; % Leaf temperature (oC), normal room temperature
%     beta = 0.5 % fraction of PSate made into dry matter this is assumption that 50% will be made into dry matter

% We need to convert beta to units of kg dry matter per mol CO2 assimilated,

%     since the PS rate is given in mol s-1:

%     One mol of CO2 creates 1/6 of a glucose, or 30 g = 0.03 kg.  If only half

%     of this is retained (the rest going to growth and maintenance respiration), then

      beta = 0.03*0.5;  %(kgDM molCO2-1)

%  The value of leaf TL, plus P and the fraction of air as O2, sets gamma and KCO:

      gamma = 3.69+(TL-25.)*(0.188+0.00036*(TL-25.)); %(Pa)

%  We have KCO = KC*(1+O/KO), where KC and KO are the separate Michaelis constants

%      for CO2 and O2 and O is the partial pressure of O2, which is 0.21*P

% At 25oC, we have

      KC = 40.4;  % (Pa)

      KO = 24800.; % (Pa)

      O = 0.21*P;

      KCO = KC*(1+O/KO); % (Pa)         

vw = 0.1; %based on your value running at r = 0.5 but could change, see additional things to try

gbs = r.*vw.*mLa.*P./(alphaL.*D); 
% note the period before math functions for vector calculations
E = gbs.*D./P;

%Now use this to compute Ci
 aq = 0.62.*gbs;   %  dimensions mol m-2 s-1

 bq = 0.62.*gbs.*(KCO - Ca)+ Vcmax.*P;  % dimensions mol m-2 s-1 * Pa

 cq = -0.62.*gbs.*KCO.*Ca-Vcmax.*P.*gamma;  % dim. mol m-2 s-1 * Pa^2

 Ci = 0.5.*(-bq+sqrt(bq.*bq-4.*aq.*cq))./aq;

% Proceed to compute ALa and RGR

  ALa = Vcmax.*(Ci - gamma)./(Ci + KCO);  % (mol m-2 s-1)

  RGR = beta.*alphaL.*ALa./(mLa.*(1+r)); % (kgDM molCO2-1 * molCO2 m-2 s-1) /  % (kgDM m-2) = s-1, a proper unit....but not commonly used.  Convert to d-1:

  RGRd = RGR.*86400.*0.63.*0.5; %

% The last two factors adjust for the falloff of light over the photoperiod (the

%    average value of a sine over a half-period is 0.63) and the fraction of the

%    whole day that is photoperiod (i.e., 12h or 50%).  You might want to play with these, e.g., to

%    account for long summer days, etc.

%    report the results

% Let's look at the results by plotting various parameters in response to the root to shoot ratio
subplot(2,2,1);

plot(r,RGRd);

xlabel('root to shoot ratio');

ylabel('Relative Growth Rate d^-^1')

subplot(2,2,2);

plot(r,ALa);

xlabel('root to shoot ratio');

ylabel('Photosynthetic rate [mol m^-^2 s^-^1]');

subplot(2,2,3);

plot(r,E);

xlabel('root to shoot ratio');

ylabel('Transpiration [mol water m^-^2 s^-^1]');

subplot(2,2,4);

plot(r,Ci);

xlabel('root to shoot ratio');

ylabel('Internal leaf CO_2 [Pa]');

· Save your file

· Now run your program in the command prompt of  MatLab >> waterbalance2

· Print out your plots 
Questions 

· What root to shoot ratio gives you the maximum relative growth rate?  How does this compare with the value you set in Part I for “r” to identify the water uptake capacity of roots?

· What if you change the “r” value in Part I to identify a new water uptake capacity of roots and rerun Part II with this new value for vw, do you see a difference in what root to shoot ratio gives you maximum relative growth rate, explain?
· Why do you think that photosynthetic rate is lower when plants have a lower root to shoot ratio?

· Why do both photosynthetic rate and Ci approach a maximum value? How could you adjust your program to increase this maximum value?
Additional Things to Try
  More things to play with:

%  Change the leaf temperature and then adjust not only gamma but KCO and Vcmax:

%       KC = KC25*exp(59400.*(TL-25)/(R*298*(TL+25))

%       KO = KO25*exp(36000.*(TL-25)/(R*298*(TL+25))  

%       Vcmax = Vcmax25*exp(64800.*(TL-25)/(R*298*(TL+25))    

%    To compute these nicely, we can use:

%         dfac=298.*8.314

%         denom=dfac*(TL+273.2)

%         Vcmax=Vcmax25*exp(64800.*(TL-25.)/denom)

%         Kc=Kc25*exp(59400.*(TL-25.)/denom)

%         Ko=Ko25*exp(36000.*(TL-25)/denom)

%         Kco=Kc*(1.+21000./Ko)

%   Change the root uptake capacity (PART I)-basically, by setting the base value of r

%      higher or lower when computing vw (higher r means that more roots are

%      needed for the same uptake rate, so that vw is lower, and vice versa), rerun part two with this new value of vw
%   Change the PS capacity.  A lower Vcmax is appropriate to most wild plants...or,

%      change the base value of conductance, gbs - again, a lower value works

%      for many wild plants in Part I and rerun to find a new vw and plug that value into Part II

% Rerun the program for a very low vapor pressure deficit (e.g 0.2 Pa) where plants are grown in a very humid  

%       environment >95% RH

% On Mars, plants will likely be grown in low atmospheric pressure perhaps as low as 10kPa, what happens to 

%       transpiration as the pressure of the environment drops (plot, Pressure (P) , Transpiration (E)) while keeping

 %      vapor  pressure deficit and total conductance constant. Here, you only need the formula for E in this case.
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Other Applications of Water Use in Plants

A Biosphere/Atmosphere Simulation Package (including transpiration)

Simsphere: 

John A. Dutton e-Education Institute, A unit of the College of Earth and Mineral Sciences

The Pennsylvania State University © 2003

Updated 5 August 2003https://courseware.e-education.psu.edu/simsphere/ Date Accessed July 12, 2010
Application of Penman-Monteith Model for Evapotranpiration to Crops

An energy balance with the mass transfer to compute the evaporation from an open water surface from standard climatological records of sunshine, temperature, humidity and wind speed. This was further developed and extended to cropped surfaces by introducing resistance factors from the stomata and boundary layer. Below is a comprehensive application of this to crops.
Allen, R.G., Pereira, L.S., Raes, D., Smith, M., (1998). Crop evapotranspiration - Guidelines for computing crop water requirements Food and Agriculture Organization of the United Nations. FAO Irrigation and drainage paper 56 at http://www.fao.org/docrep/x0490e/x0490e00.htm#Contents Date Accessed July 12, 2010.

Water Movement in Roots 

Verma, P. ,George, K. V. ,Singh, H. V. ,Mathew, T. P., Singh, R. N. (2004) Simulating water movement and its uptake by plant roots in unsaturated zone. International Journal of Environmental Studies, 61: 39 - 48
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